Abstract. Isogeometric analysis (IGA) is a relatively new class of computational methods primarily aimed at integrating finite element analysis with Computer Aided Design (CAD). IGA adopts Non -Uniform Rational B Spline (NURBS) functions as the basis functions to represent geometry and approximate the unknown field variable. The standard Galerkin based isogeometric approach has been extensively explored by researchers during the past decade and is being continued. Apart from the standard Galerkin based isogeometric approach, several other numerical schemes exist within the framework of isogeometric methods. Isogeometric collocation method is one such relatively new numerical procedure. Isogeometric collocation methods discretize the governing PDEs in strong form. In this study, the potential of isogeometric collocation methods for the static analysis of laminated composite plates using Reissner -Mindlin plate theory is explored. Results of benchmark problems on bending of rectangular laminated composite plates subjected to sinusoidal and uniform loading are presented. The results obtained from the proposed isogeometric collocation method for the analysis of laminated composite plates have been assessed by comparing them with the solutions available in literature.
INTRODUCTION
Isogeometric analysis (IGA) is a relatively new class of numerical methods proposed by Hughes et al. [1] in 2005 mainly aimed at integrating Computer Aided Design (CAD) and finite element analysis. IGA simplifies the complex procedure of mesh generation and mesh refinement thereby lowering the huge computational cost incurred during the analysis of large systems. IGA achieves this smooth flow of information by adopting the same NURBS functions employed to represent geometry by CAD models to approximate the unknown field variable in an isoparametric fashion. NURBS functions possess high continuity properties which lends IGA a significant edge over traditional finite element methods during discretization of higher order partial differential equations.
Over the last decade, IGA has been successfully applied on wide ranging topics such as solid and structural mechanics [2] [3] [4] [5] [6] [7] [8] [9] [10] , fluid mechanics [11] [12] [13] [14] [15] [16] [17] , phase field modeling [18] , fluid structure interaction [19] [20] [21] etc. One of the important issue related to the efficient implementation of IGA was the development of an efficient integration rule for the Galerkin based IGA. The typical Gauss quadrature rules adopted for element wise integration in Galerkin based finite element methods is sub-optimal for Galerkin-IGA since it does not take into account the higher inter element continuity of NURBS functions.
One of the recent developments in the field of IGA is the emergence of Isogeometric collocation methods (IGA collocation) proposed by Auricchio et al. [22] . Isogeometric collocation method discretizes the governing differential equations in strong form while retaining the inherent IGA feature of adopting NURBS functions in an isoparametric sense. A comparison study between IGA collocation, Galerkin-IGA and finite element method by Schillinger et al. [23] revealed accuracy of the method achieved at a low cost of computation. The advantages offered by IGA collocation method are more evident when higher order approximations are employed.
Studies on IGA collocation have been performed on solid mechanics [24] , phase field modeling [25] , contact [26] . IGA collocation method has been successfully applied to Euler -Bernoulli beams and Kirchhoff plates [27] . It is worthy to mention that the high continuity properties possessed by NURBS functions enabled the application of IGA collocation method on Euler-Bernoulli beam and Kirchhoff plate theories which are governed by fourth order differential equations. Studies on performance of IGA collocation on shear deformable beams, rods and plates [28] [29] [30] has also been conducted. Kiendl et al. [30] showed that mixed formulation within the framework of IGA collocation is successful in alleviating shear locking observed during lower order approximations for plate bending.
In this paper, we propose IGA collocation method for the analysis of laminated composite plates described by Reissner -Mindlin plate theory. Standard formulation with lateral displacement and two rotations are the three unknown field variables within the framework of IGA collocation. Performance of IGA collocation is assessed by solv-ing benchmark problems and comparing the results obtained with the ones existing in literature.
REISSNER MINDLIN PLATE THEORY FOR LAMINATED COMPOSITE PLATES
A laminated composite plate of total thickness t composed of N orthotropic layers is considered. The undeformed midplane of the plate is taken as the reference plane Ω 0 . The kinematic assumptions underlying the Reissner -Mindlin theory are made, namely, cross sections remain straight during deformation but may not remain normal to the reference plane. The displacement field according to Reissner Mindlin plate theory is
where u 0 ,v 0 , w 0 are the displacement components for the midplane in x, y and z directions respectively. The rotations in y-z plane and x-z plane are denoted as φ x and φ y respectively. The strains associated with the displacement field mentioned in equation (1) are
The stresses at the k th layer in local coordinates are given by the following constitutive relationship.
where
Here, θ is the inclination between the local co-ordinate system at the k th layer and the global co-ordinate axes.
Equations of equilibrium
The equations of equilibrium expressed in terms of the bending moments M xx , M yy , the twisting moments M xy , shear forces Q x , Q y and the in -plane forces N xx , N yy and N xy are given below
The stress resultants in equations (5a) are related to displacement variables by the following relations
The A ij , B ij and the D ij present in the above set of equations (6) are termed as extensional stiffness, bending stiffness and bending -extensional stiffness respectively and are defined as following
Substituting the stress resultant -displacement variable relationships mentioned in equation (6) into (5a), we obtain the equilibrium equations in terms of displacement variables u 0 ,v 0 , w 0 , φ x and φ y as shown below 
The above equilibrium equations eq. (8) are valid in the interior of the domain. The equilibrium equations at the Neumann boundary are given by:
where N nn & N ns are the in -plane axial forces specified at the Neumann boundary. Similary, M nn & M ns are the bending moments and, Q n are the shear forces specified at Neumann boundary.
Using the stress resultant -displacement relationship in eq. (6), we obtain eqs. (9) in terms of displacement variables as given below: 
Numerical formulation
In order to solve the equations presented in the previous section using Isogeometric collocation method, the unknown field variables are expressed as a linear combination of Non -Uniform Rational B -Splines (NURBS).
B -Splines and NURBS
B-spline functions are polynomials, say of degree p, are defined piecewise on the parametric space. The parametric space is given by a knot vector. A knot vector Ξ, is a set of non -decreasing coordinates ξ i in the parametric space, Ξ = {ξ 1 , ξ 2 , ξ 3 , ....., ξ n+p+1 } , where n is the number of basis functions. The space between two consecutive knots in the parametric space is defined as a knot span. Knot values can be repeated at a particular location in the parametric space and are called as multiple knots. The B-splines are C p−1 continuous at a particular knot and C p−k continuous at multiple knot locations with multiplicity k.
The i th B-spline basis function of degree p for a given knot vector Ξ is defined recursively as shown below
B-Splines in two dimensions are obtained by taking the tensor product of their univariate counterparts as shown below
where ξ and η are the parametric coordinates in two directions. A bivariate NURBS function R ij is defined as the weighted bivariate B-Spline B ij function,
ω ij are weights adopted. The isogeometric class of numerical methods adopt NURBS functions to discretize the unknown field variables and geometry. Likewise, isogeometric collocation methods adopt NURBS to approximate the unknown field variables, namely, u, v, w, φ x & φ y as shown below:
Collocation using NURBS functions
The discretized strong form of the equilibrium equations are collocated on the images of greville points in physical space. The greville points are defined in the parametric space. The greville pointsξ i defined for a spline space of degree p and knot vector {ξ i , ......, ξ i+p+1 } are given bŷ
In two dimensional problems like plate problems, a greville point is defined by ξ i ,η i , which are the greville coordinates in two parametric directions. From eq. (15), it can be observed that some of the greville points are located within the domain and others are located at the boundary. Since the equations of equilibrium are different for the domain interior and boundary, the equations to be collocated need to be chosen suitably depending on the location of the greville point.
Using eqs. (14), we discretize the equilibrium equations eqs. (8) 
Similarly, residuals of the equilibrium equations valid at Neumann boundaries R (14) into eqs. (10) . The order of polynomial and knot vector are the same for the NURBS functions specified in eqs. (14) . The collocation scheme adopted is
where S ξ Γ is the mapping of Greville points from the parametric space to physical space. Consider an all round simply supported rectangular laminated plate. The laminate consists of four plies (0/90/90/0) of equal thickness. Let h be the total thickness of the plate. The material properties are
where the origin of the co-ordinate system is taken at a corner of the plate, 0 ≤ x ≤ a & 0 ≤ y ≤ b. The lateral displacement and the stresses evaluated are nondimensionalized using the following relationship,
The results obtained are listed in Table 1 and compared with methods existing in literature. Figure 1 shows the plot of normalized central displacement w * versus N f (square root of the number of degrees of freedom) for two plate width to thickness ratios of 10 & 100. Convergence of normalized central displacement w * can be observed.
Bending of all round clamped square sandwich plates
Consider an all round clamped square sandwich plate. The sandwich plate consists of a central core, embedded with face sheets on top and bottom. The face sheets are assumed to be orthotropic and the core is assumed to be transversely isotropic. Let h be the total thickness of the plate. Thickness of the core is 0.8 times the total thickness while the face sheets are one -tenth the total thickness of the sandwich plate. Material properties of the core are given below 
The transverse load acting on the rectangular plate is given by q(x, y) = q 0 , where the origin of the co-ordinate system is taken at a corner of the plate, 0 ≤ x ≤ a & 0 ≤ y ≤ b. The lateral displacement and the stresses evaluated are non -dimensionalized using the following relations.
The results obtained are listed in Table 2 and compared with solution existing in literature.
CONCLUSIONS
In this paper, analysis of laminated composite plates has been performed using Isogeometric collocation method. The method has been assessed for both laminated plate and sandwich plates under all round simply supported and all round clamped conditions respectively. The accuracy obtained by this method is comparable with the methods existing in literature. Shear locking was observed under the thin plate limit when lower order approximations were adopted. Mixed formulation may be considered in order to alleviate shear locking. Further research direction would be to study free vibration analysis, buckling analysis and extension of present formulation under large deformations.
